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Layered reflectance models
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Layered reflectance models

?
A rich language for describing surface appearance
Grammar:

• Combining layers
• Expanding layers to a certain depth

Words:
• Diffuse layers
• Conductors
• Dielectrics
• Participating media
• Measured BRDFs
• ...
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A Comprehensive Framework for 
Rendering Layered Materials

Slightly absorbing blue-green dielectric (η = 1.5)
α = 0.05
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Textured diffuse layer

Clear dielectric (η = 1.5)
α = 0.05

Red anisotropic scattering diel. (η = 1.5,  g=0.95)
α = 0.1

α = 0.1

Purple anisotropic scattering diel. (η = 1.5, g=0.8)

Thin blue absorbing dielectric (η = 1.5)
α = 0.1
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https://github.com/wjakob/layerlab
Code available at: 

(linked in course notes)
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The local illumination integral

Write in spherical coordinates
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The local illumination integral (flatland)
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The local illumination integral (flatland)

Get rid of 
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The local illumination integral (flatland)
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The local illumination integral (flatland)

Switch to
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The local illumination integral (flatland)
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The local illumination integral (flatland)

Discretize for
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The local illumination integral (flatland)

Discretize for

Write using matrix notation
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The local illumination integral (flatland)
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The local illumination integral (flatland)
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The local illumination integral (flatland)

“Scattering matrix”
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Instantiating and plotting layers
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Glass Plates Theory [Stokes 1860]
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dielectric interfaces, and measured BRDFs, as well as efficient algorithms for evalu-
ation and exact importance sampling at render time. These algorithms scale well to
high-order expansions, handling even mirror-like reflectors without visible approxi-
mation error. Precomputation time is on the order of seconds, and render-time per-
formance is close to that of dedicated implementations of BSDF models—in fact, the
exact importance sampling often means our model outperforms the original model in
equal-quality comparisons.

2 Background

2.1 Adding equations

Some of the earliest theoretical work on layered materials was conducted by Stokes
[12], who analyzed the combined reflection and transmission properties of a stack of
glass plates. In the context of this paper, it will be instructive to review the mathemat-
ics underlying the simplest case of a single plate.

Assuming geometric optics, unpolarized light and no absorption, the interface of a
glass plate illuminated by a ray of unit power reflects a portion R of the incident light
and transmits another portion T into the material, where it undergoes an internal
scattering process. In this case, R and T are given by the Fresnel equations. For
the purpose of illustration, we shall think of the plate in terms of its two separate
interfaces, rather than as a single object.

Due to Helmholtz reciprocity, the reflection and transmission coefficients for light
inside the layer are also equal to R and T. By summing over all light paths, it is then
possible to compute the total reflectance and transmittance of a layer. The resulting
geometric series have a very simple explicit form:

Rtot = R + TRT + . . . = R + T

2
•

Â
i=0

R

2i+1 = R +
RT

2

1 � R

2 ,

Ttot = TT + TR

2
T + . . . = T

2
•

Â
i=0

R

2i =
T

2

1 � R

2 . (1)

With this example in mind, let us now consider a different setup: suppose a slab made
of an arbitrary homogeneous material is illuminated from a fixed set of directions. The

2
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Glass interface:

scatteredincident
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Glass interface:

General:
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Glass interface:

General:

scatteredincident

t: top, b: bottom
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linearity of light transport then allows to specify the scattered illumination along the
same set of directions using a matrix-vector product:

F"(t) = R

tF#(t) + T

btF"(b),

F#(b) = R

bF"(b) + T

tbF#(t), (2)

where F"(t) and F#(t) are vectors describing the upwards and downwards radiance
along the aforementioned set of directions as a function of depth, t and b correspond
to the depth of the top and bottom surface, and the R

t, R

b and T

tb, T

bt matrices de-
scribe the reflection and transmission behavior for light arriving at the top and bottom,
respectively. The underlying discretization is left unspecified for now and will be dis-
cussed later.

Multiplication by 

A key question is now as follows: given the reflection matrices of two distinct layers
(i.e. R

t

1, R

t

2, T

tb

1 , T

tb

2 , etc.), what are the effective matrices that result from adjoining one
layer on top of the other?

Layer 1

Combined layer

Layer 2

This situation is now more complicated than that of Equation (1), but the underlying
idea is still the same: we can simply sum over all possible reflection and transmission
paths, replacing geometric series by explicit expressions whenever possible. Attention
must be paid to the ordering of multiplications, since the involved matrices generally
do not commute. For a rigorous discussion of this derivation, we refer the reader to
[4]. The final result of this computation are the so-called adding equations:

R̃

t = R

t

1 + T

bt

1 (I � R

t

2R

b

1)
�1

R

t

2T

tb

1

R̃

b = R

b

2 + T

tb

2 (I � R

b

1R

t

2)
�1

R

b

1T

bt

2

T̃

tb = T

tb

2 (I � R

b

1R

t

2)
�1

T

tb

1

T̃

bt = T

bt

1 (I � R

t

2R

b

1)
�1

T

bt

2 (3)

3

Adding equations

[Grant and Hunt 1969]
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Layers in 3D (with azimuth!)
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Layers in 3D (with azimuth!)
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Layers in 3D (with azimuth!)

Frequency space
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Sparse matrix representation

0

largest
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Sparse matrix representation

0

largest
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Writing parameters to disk

Output can be rendered with Mitsuba and 
PBRT version 3
code @ https://github.com/mmp/pbrt-v3
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Outline

• What is layerlab?

• Benefits of layered material models

• Layers in flatland

• Combining layers

• Layers in 3D

• Experiments
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Interaction of rough boundaries

• Stanford dragon with two layers

• 1. Rough dielectric interface

• 2. Rough gold interface

Fourier orders

Matrix resolution
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Varying top layer, bottom layer smooth
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Varying bottom layer, top layer smooth
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• Stanford dragon with two layers

• 1. Index-matched scattering layer

• 2. Rough gold interface

Scattering dust on metal

Fourier orders

Matrix resolution
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Varying layer width (anisotropic)
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Varying layer anisotropy
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Varying layer width (isotropic)
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Multiple scattering correction
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Multiple scattering correction
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Multiple scattering correction
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Multiple scattering correction
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Multiple scattering term for dielectrics

Standard microfacet model Energy conserving model
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Multiple scattering term for conductors

Standard microfacet model Energy conserving model
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Summary

• Realistic toolkit for simulating layered materials

• Extremely accurate (see course notes)

• No existing rendering software does this today :(

• Remaining challenges: texturing multiple parameters.
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